Surface plasmon polaritons (SPPs) are electromagnetic waves that travel along a metal-insulator interface. Recently, new control methods of SPPs have been intensively investigated utilizing unique optical responses in innovative materials such as graphenes and topological insulators. Weyl semimetal (WSM) is one promising candidate of such materials. SPPs localized at a WSM-dielectric interface have several inherent properties such as non-reciprocity and partial lack of dispersion curves. These properties are caused by chiral magnetic effect in WSMs, which resembles that of external static magnetic fields. In actual applications, however, WSMs are sandwiched between two dielectrics, and the thickness of WSMs as well as the permittivity of outer layers can be regarded as fine-tuning parameters. Here, we consider the thin-film WSMs with broken time-reversal symmetry and investigate how the properties of SPPs are affected by hybridization between SPPs localized at the two WSM-dielectric interfaces. Generally, this hybridization results in new mixed SPP modes, which are called short-range surface plasmons (SRSP) and long-range surface plasmons (LRSP), respectively. We calculate dispersion curves of these mixed modes for three principle configurations of the axion vector describing axial anomaly in WSMs. We show that the partial lack of the dispersion and the non-reciprocity can be controlled by fine-tuning of the thickness of the WSMs, the dielectric constants of the outer insulators, and the direction of the axion vector. Our analysis also suggests that tuning of parameters enables us to design the stability of the SRSP and LRSP. Complete suppression of the LRSP mode as well as controlling the non-reciprocity will increase the functionality of new optical devices such as plasmonic waveguides and optical one-way waveguides. Our consideration paves a way for stable control of SPPs even without an external magnetic field.
I. INTRODUCTION
Surface plasmon polaritons (SPPs) are collective excitations of electrons that propagate along a metalinsulator interface [1] [2] [3] . SPPs can be used to manipulate electromagnetic energy at sub-wavelength scales and provide a route for developing novel devices, such as surface plasmon resonance sensors 4, 5 and scanning near field optical microscopes 6, 7 . Recent studies have indicated possibilities for new control methods of SPPs by utilizing two-dimensional Dirac materials 8? -20 , topological insulators [21] [22] [23] [24] [25] [26] , or an external static magnetic field 8, [27] [28] [29] [30] . In particular, some of these studies point to the chance of developing new optical devices made of materials incorporating the unique properties of SPPs.
Weyl semimetals (WSMs) are potentially such innovative materials [31] [32] [33] [34] [35] [36] [37] . The WSMs with broken timereversal symmetry, which have recently been reported for YbMnB 2 38 and Eu 2 Ir 2 O 7 39 , are expected to show unusual optical responses associated with axial anomaly originating from their topological nature 40, [49] [50] [51] [52] . The axial anomaly gives rise to a coupling between material's magnetic and electric properties and leads to chiral magnetic phenomena such as the anomalous Hall effect. These phenomena can be expressed in terms of the Maxwell equations in the presence of an axion field [53] [54] [55] , and by utilizing them, we expect to find unique SPP properties of WSMs that could be put to use in optical devices.
SPPs propagating along an interface between a bulk WSM and an insulator have been studied theoretically 56 . The SPP dispersion at the WSM-insulator interface disappears in an intermediate frequency region and may show non-reciprocity. These properties are similar to those in the presence of magnetic fields (surface magnetoplasmons) of up to several tens of tesla [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] . Stable and efficient control of magneto-plasmonic SPPs should be possible in WSMs, because the topological nature of these materials fixes the strength of the electro-magnetic coupling originating from chiral magnetic effect, and consequently, can provide a robust platform for experiments and applications.
WSMs are usually sandwiched between two insulators in actual applications. In thin-film WSMs, SPPs localized at the two WSM-insulator interfaces hybridize and form new mixed SPP modes, which are called short range surface plasmons (SRSP) and long range surface plasmons (LRSP), respectively [69] [70] [71] [72] . This indicates that fine tuning of the thickness of the WSM can control SPP dispersion via change of the strength of the hybridization. In addition, the wavefunctions of the mixed SPP modes can be controlled by changing the dielectric constants of the outer insulators. Thus, the thickness of the WSMs and the dielectric constants of the insulators can be regarded as fine-tuning parameters, and hence, revealing their influence on the dispersion of SPPs would provide a useful perspective on how to control them in WSMs.
In this paper, by considering a thin-film WSM sand-wiched between two insulators, we theoretically investigate how the properties of SPPs change depending on the thickness of the WSM, the dielectric constants of the outer insulators, and the directions of the axion field.
Our numerical results indicate that the non-reciprocity with respect to the SPP propagation as well as the disappearance of the LRSP modes can be controlled by tuning the above parameters. This conclusion provides a perspective on methods of stably controlling SPPs in WSMs even without an external static magnetic field and pave a way for development of new optical devices such as plasmonic waveguides and optical one-way waveguides. The organization of this paper is as follows. The next section presents the theoretical framework of SPPs in a thin-film WSM sandwiched between outer insulators. Since the properties of the SPPs depend on the direction of the axion field, we focus on three principal configurations for the axion vector. Section III shows the numerical results for each configuration and discusses their SPP properties. In section IV, we present the characteristic decay lengths for each configuration and refer to their unique characteristics. Section V summarizes the conclusions of this paper.
II. THEORETICAL FRAMEWORK A. Maxwell equations with axion modifications
The unique optical responses in WSMs can be captured by including axion terms in the Lagrangian originating from the topological nature of the materials. By considering WSMs with broken time-reversal symmetry, we assume that the axion field θ only depends on space 74 . The corresponding Maxwell equations with axion modifications can be derived as 54, 55 
where D, E, H, and B are the dielectric displacement, electric field, magnetic field, and magnetic flux density, respectively. Here, the vector g = ∇θ is related to the distance between Weyl nodes in momentum space, b:
where α 0 is the fine-structure constant, 0 is the permittivity of the vacuum, and µ 0 is the magnetic permeability of the vacuum. The additional term, −g × E, expresses the anomalous Hall current, whereas g · B is the charge induced by its spatial distribution 73 . We will consider WSMs with broken time-reversal symmetry (g = 0) sandwiched between two insulators with relative dielectric constants i (i = 1, 2), as shown in Fig. 1 (a) . The z-axis is in the stacking direction, and the region of the WSM layer is −a < z < a, where 2a is the thickness of the WSM. We will assume that SPPs propagate in the x-direction. Accordingly, the electric and magnetic fields of the SPPs can be written as follows:
where q and ω are the wavenumber and frequency of the SPPs, respectively, and α = x, y, z. The profiles of the electromagnetic field in the two outer insulators are X α (z) = X α,1 e κ1z (z < −a) and X α,2 e −κ2z (z > a), where X = E or H, E α,i and H α,i (i = 1, 2) are complex constants,
, and c = ( 0 µ 0 ) −1/2 is the velocity of light in a vacuum. Since the electromagnetic field of SPP is localized at and decays exponentially away from the interface, the κ i must be positive real numbers.
Let us briefly summarize the properties of the SPP dispersion in the absence of axion fields (g = 0), which corresponds to a normal metal sandwiched between two insulators. SPPs are always described with the transverse magnetic (TM) mode, because the transverse electric (TE) mode cannot support confined SPPs, except when either the magnetic permeability or dielectric constant is negative [1] [2] [3] . As the thickness of the WSM layer decreases, the two SPP modes at the upper and lower interfaces start to hybridize and change into two mixed SPP modes. The low-and high-frequency mixed modes are called the short range surface plasmons (SRSP) and the long range surface plasmons (LRSP), respectively, because the penetration depth κ −1 i (i = 1, 2) in the insulators are longer for LRSPs than for SRSPs. For 1 = 2 , the SRSPs and LRSPs have symmetric and antisymmetric profiles of the transverse magnetic field H y (z) for q → 0 (see Fig. 1 (b) ), respectively. For q → ∞, these two modes are localized at one of the two interfaces, depending on the magnitude correlation between 1 and 2 .
In what follows, we consider three configurations for the axion vector g (see Fig. 1 (c) -(e)): (i) the perpendicular configuration (g = (0, 0, g)), (ii) the Faraday configuration (g = (g, 0, 0)), and (iii) the Voigt configuration (g = (0, g, 0)). Here, for the configurations, we have used the terminology in the study of the surface magneto plasmons [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] , since the chiral magnetic effect is similar to that of an external magnetic field. For simplicity, the dielectric function of the WSM layer is taken
2 ) following Ref. 56 , where ∞ is the relative dielectric constant in the limit ω → ∞, and ω p is the plasma frequency of the WSM layer. We will only focus on the low-frequency region ω < ω p , for which the dielectric function (ω) is always negative. Detail information on the following calculations is summarized in the supplementary materials 74 .
B. Perpendicular configuration
For the perpendicular configuration (g = (0, 0, g)), the axion term mixes the TE and TM modes 56 . The profile of the electromagnetic field in the WSM layer is a linear combination of four elementary solutions of the modified Maxwell equations,
for |z| < a, where κ ± are real numbers defined as
Upon eliminating E x , E y , D z , B x , B y , and B z from the modified Maxwell equations by using the continuity conditions at the interfaces, we obtain the linear equation,
whereÛ (q, ω) is a 4 × 4 matrix. The dispersion relation ω = ω(q) is determined by the condition detÛ (q, ω) = 0, for which nontrivial solutions of (S11) exist. After obtaining the dispersion, we have to check whether the condition κ 2 − > 0 is satisfied or not, since the SPP modes should be localized at the interfaces. For the perpendicular configuration, the SPP dispersion has the reciprocity relation, i.e., ω(−q) = ω(q).
C. Faraday configuration
The axion term mixes the TE and TM modes as well for the Faraday configuration (g = (0, 0, g)). The profile of the SPP modes in the WSM layer is given by Eq. (8), where κ ± are replaced with
By eliminating variables, we obtain the linear equation in the form of Eq. (S11). The dispersion relation is determined by detÛ (q, ω) = 0. For the Faraday configuration, κ ± become complex when K < 0 for g = 0. The corresponding solutions, called complex solutions 59 , indicate that H y (z) spatially oscillates and exponentially decays in the z-direction. The SPP dispersion has the reciprocity relation, ω(−q) = ω(q), for the Faraday configuration.
D. Voigt configuration
For the Voigt configuration, the axion field does not mix the TE and TM modes. Therefore, the profile of the electromagnetic field in the WSM is a linear combination of two elementary solutions of the modified Maxwell equations:
for |z| < a, where κ is a real number defined as
After eliminating E x , D z , and B y using the continuity condition, we obtain the linear equation,
whereV is a 2 × 2 matrix. The SPP dispersion is determined by the equation detV (q, ω) = 0. In the Voigt configuration, the SPP dispersion generally has the nonreciprocity relation, ω(−q) = ω(q), because the determinant equation of the SPP is not invariant under the reversal of the propagation direction q → −q.
III. RESULTS AND DISCUSSION
This section presents numerical results on the SPP dispersion for the three configurations of g. We take the amplitude of the axion vector to be g = 4c −1 ω P . Furthermore, we take the relative dielectric constant of the WSMs for ω → ∞ to be ∞ = 13 as measured in Eu 2 Ir 2 O 7 56 .
A. Perpendicular configuration
First, let us consider the limit a → ∞. Since there is no mutual interference between SPPs at the two interfaces, the dispersion is individually determined at the upper and lower interfaces, respectively. Figure 2 (a) plots the individual SPP dispersion at the WSM-insulator interface. The upper and lower curves correspond to SPPs propagating along the interface tangent to insulators with relative dielectric constants of = 1 and 2.25. When the dielectric constants of the outer insulators are ( 1 , 2 ) = (1, 1) (only vacuum), the dispersion curves of the SPPs are degenerate, both following the upper curve. For ( 1 , 2 ) = (1, 2.25) (vacuum and glass), the dispersion curves of the SPPs differ at the two interfaces and correspond to the upper and lower curves. In the long-wavelength limit (q → 0), the dispersions become linear with inclinations c/ √ 1 and c/ √ 2 . In the short-wavelength limit (q → ∞), they approach constant frequencies Ω 1 and Ω 2 . In the case of ( 1 , 2 ) = (1, 2.25), Ω 1 and Ω 2 are respectively determined by the conditions (Ω 1 ) = −1 and (Ω 2 ) = −2.25. It is remarkable that part of the SPP dispersion curve may disappear at the intermediate wavenumber for the case of interfaces tangent to a vacuum, because they encroach on the condition κ − = 0 and come to have bulk-propagating modes in the z-direction. Moreover, we can see that the dispersion curve is shifted down as the dielectric constants of the insulators increase and the interval of the disappearance of SPPs becomes narrower. The lack of the SPP dispersion is characteristic of axion electromagnetic dynamics, and it originates from the anomalous Hall current induced by the axion field p . These curves result from mutual interference of the SPPs at the upper and lower interfaces, and they correspond to the mixed modes called LRSP and SRSP (see Sec. II). For the symmetric trilayers ( 1 , 2 ) = (1, 1) (Fig. 2 (b) ), we can see that the degenerate SPP modes (the upper curve in Fig. 2 (a) ) split into the LRSP and SRSP modes. The hybridization between SPPs localized at the two interfaces becomes more significant when the thickness of the WSMs decreases, and the interval in which the SPP dispersion disappears becomes more (less) significant for the LRSP (SRSP) mode. Since the boundary κ − = 0 is independent of a, the interval in which the SPP dispersion disappears becomes more (less) significant for the LRSP (SRSP) mode as a decreases. This can be confirmed in Fig. 2 (b) , where the interval in which the LRSP mode disappears becomes broader with decreasing WSM thickness, while the SRSP mode exists in the whole region. We should note that in the short-wavelength limit (q → ∞), the dispersion curves of the LRSP and SRSP modes converge to the same frequency determined by the condition (Ω 1 ) = −1.
Mutual interference of the SPP modes also occurs in the asymmetric trilayers ( 1 , 2 ) = (1, 2.25) (Fig. 2 (c) ). As the thickness of WSMs decreases, mode repulsion between the mixed SPPs becomes significant because hybridization of SPPs increases. In the short-wavelength limit (q → ∞), the dispersion curves of the LRSP and SRSP converge to different frequencies determined, respectively, by the conditions (Ω 1 ) = −1 and (Ω 2 ) = −2.25. This is because for q → ∞ the wavefunctions of the LRSP and SRSP modes are localized at the lower and upper interfaces tangent to the different insulators, respectively. In contrast to the symmetric case, the LRSP mode disappears in the long-wavelength region (q → 0), because it is located between the twolight cones, ω = q/ √ 1 and ω = q/ √ 2 , and has bulkpropagating modes in one of the two insulators.
B. Faraday configuration
Figure 2 (d) shows the SPP dispersions in the Faraday configuration in the limit a → ∞, where there is no mutual interference between SPPs at the two interfaces. The upper and lower curves correspond to SPPs at the interface tangent to insulators with dielectric constants of = 1 and 2.25. For ( 1 , 2 ) = (1, 1) (only vacuum), the dispersion curves of the SPPs are degenerate, both following the upper curve. For ( 1 , 2 ) = (1, 2.25) (vacuum and glass), the dispersion curves of the SPPs differ at the two interfaces and correspond to the upper and lower curves. The features shown in this figure are similar to those of the perpendicular configuration; the SPPs have linear dispersion in the long-wavelength limit (q → 0), while they have constant frequencies in short-wavelength limit (q → ∞). The figure also has a plot for the condition K = 0 (lower thin dotted line), where K is defined as Eq. (12) . Below this line, the SPP solution has complex decay constants, κ ± , which physically mean oscillating decay of the wavefunctions along the z-axis inside the WSM.
Figures 2 (e) and (f) show the SPP dispersion for the symmetric trilayers of ( 1 , 2 ) = (1, 1) and the asymmetric trilayers of ( 1 , 2 ) = (1, 2.25). The parameters utilized to make these figures are the same as those of the perpendicular configuration. Similar to the results for the perpendicular configuration, these figures clearly show hybridization of the SPP modes. For the symmetric trilayers (Fig. 2 (e) ), the hybridization becomes more significant as the thickness of the WSMs decreases, and the interval in which the SPP dispersion disappears becomes more (less) significant for the LRSP (SRSP) mode. For the asymmetric trilayers (Fig. 2 (f) ), the mode repulsion becomes more significant with decreasing the WSM thickness, and the LRSP mode disappears in the long- wavelength limit (q → 0). We should note that these modes have complex κ ± when the dispersion curve is below the boundary K = 0(see Fig. 2(d) ), which indicates oscillating decay of the wavefunctions in the z-direction.
It is remarkable that the inverval in which the SPP dispersion disappears is narrower than that of the perpendicular configuration. 
C. Voigt configuration
In Fig. 3 (a) and (b) , we show the SPP dispersion in the Voigt configuration in the limit a → ∞ for the symmetric trilayers ( 1 , 2 ) = (1, 1) and the asymmetric trilayers ( 1 , 2 ) = (1, 2.25), respectively. Here, the solid and dashed lines indicate SPPs localized at z = a and z = −a interfaces, respectively. For both cases, the SPP dispersion at each interface clearly indicates the nonreciprocity, ω(−q) = ω(q). In the long-wavelength limit (q → 0), the SPP dispersion at the interface z = ∓a becomes linear with inclination c/ √ i (i = 1, 2), whereas in the short-wavelength limit (q → ∞), it approaches a constant frequency Ω i (i = 1, 2). A simple calculation yields Ω i in the following form 74 :
In contrast to the perpendicular and Faraday configurations, Ω i clearly depends on the strength of the axion vector g. We can also see that the SPP dispersion at z = −a exists in the whole regions for q > 0, while it disappears for q < 0 at high frequencies because of the condition κ 2 > 0 (in the figure, the boundary line κ = 0 is shown by the thin dotted lines). For the symmetric trilayers ( Fig. 3 (a) ), the SPP dispersion at z = −a is just a reversal of that at z = a, because only the direction of the surface is opposite at two interfaces with respect to the SPP propagation direction. In contrast, the asymmetric trilayers do not have this property because the dielectric constants of the two outer insulators differ. be expressed as follows:
This equation includes q in quadratic form and is invariant under the transformation, q → −q. The hybridization of the SPPs erases the non-reciprocity, because the mixing of the two SPPs at the two interfaces, whose wavefunctions transform into each other by reversing the propagation direction (see Fig. 3 (a) ), completely cancels the non-reciprocity. This consideration suggests that the non-reciprocity can remain for the asymmetric trilayer system. Figure 3 (d) confirms this conjecture, wherein the dispersion of the mixed SPP modes keeps the nonreciprocity. The non-reciprocity can also be confirmed directly from the determinant equation detV = 0 for the Voigt configuration (see the Supplementary materials). Figure 3 (d) also indicates that the SRSP mode exists in the whole q space, while the LRSP mode exists in a limited region and is only allowed for propagation in the positive x-direction. We should note that the strength of the axion vector g of the WSMs can be experimentally determined by measuring Ω 1 and Ω 2 (see Fig. 3 (d) ). Finally, we should note that the Voigt configuration can be changed into the Faraday configuration in experiments simply by rotating either the incident electromagnetic waves or the materials. This opens up the possibility for simple and flexible control of the stability and non-reciprocity of SPPs.
IV. CHARACTERISTIC DECAY LENGTH
We first consider the characteristic decay length of the SPPs in WSMs in the stacking direction for the perpendicular configuration. We should note that the wavefunction given in Eq. (8) p , which indicates a non-monotonic properties for splitting between the SRSP and LRSP modes. This result enables us to conceive that the symmetry of H y (z) may change at this crossing point. From numerical results, we could identify that SRSP(LRSP) show almost symmetric(antisymmetric) profiles for H y (z) when a > a c as expected for the usual symmetric trilayers. The SRSP and LRSP modes, however, exchange their symmetry for a < a c ; the SRSP(LRSP) show almost antisymmet-ric(symmetric) profiles for H y (z). In the Faraday configuration, the anomalous Hall current flows mainly along the y-axis and has different signs at the two interfaces. We suppose that the change of the symmetries at a = a c is induced by interference between the spatial profile of the anomalous Hall current and that of the magnetic field H y . The existence of a crossing point is a unique property of the Faraday configuration, and a similar effect may be expected for the SPPs of the ferromagnetic materials as well as in the presence of an external static magnetic field. The divergence of Re[κ ± ] −1 indicates disappearance of the LRSP mode.
For the Voigt configuration, the penetration length is well defined as κ −1 (see Eq. (13)). Figure 4 (c) shows κ −1 as a function of the WSM thickness. Because of the non-reciprocity at the upper and lower boundary SPP modes, the characteristic decay lengths of the SRSP and LRSP modes for a → ∞ becomes different even in the absence of the hybridization. With decreasing thickness of the WSM layer, the hybridization becomes significant and the characteristic decay length of LRSP (SRSP) increases (decreases). The different behaviors of the the characteristic decay lengths in these configurations would provide new methods for controlling SPPs in WSMs.
V. SUMMARY
We theoretically investigated the properties of SPPs in thin-film WSMs sandwiched between outer insulators. We considered three configurations of the axion vector g, i.e., the perpendicular, Faraday, and Voigt configurations. When the thickness of the WSM film is sufficiently small, SPPs localized at upper and lower boundaries start to hybridize and form mixed SPP modes. The mutual interference of the wavefunctions induces a split of the degenerate SPP modes for the symmetric trilayers, while it induces mode repulsion of the two non-degenerate SPP modes for the asymmetric trilayers. Although the nonreciprocity of SPPs should appear for the Voigt configuration even without the hybridization 56 , it may vanish due to the mutual interference of SPPs in the symmetric trilayers. This indicates that difference of the dielectric constants of the two outer insulators is crucial to the non-reciprocity in the trilayer systems. Chiral magnetic effect in WSMs induces disappearance of the SPP modes, which is similar to that of external static magnetic fields. For a fixed value of the amplitude of g, the degree of disappearance of the SPP dispersion curves is smallest for the Faraday configuration, moderate for the perpendicular configuration, and largest for the Voigt configuration. These results suggest that the Voigt configuration is most suitable to actual applications utilizing the unique properties of WSMs. Fine-tuning of parameters such as the WSM thickness, dielectric constants, and direction of the axion field enables us to control the interval of the disappearance of SPPs as well as the strength of the nonreciprocity. We also found the non-monotonic change of the the characteristic decay length for the Faraday configuration as a function of the WSM thickness, which is caused by mode crossing. These conclusions devise new experiments for identifying the axion filed g and exploring the topological nature of WSMs.
Our findings also provide a route for developing new devices. We have shown that tuning the dielectric constants of the outer insulators gives rise to stable SRSP modes and causes the LRSP modes to disappear. This fact indicates the feasibility of developing plasmonic waveguides, which can reduce the beam radius to nanometer order beyond the diffraction limit of light [75] [76] [77] . In such a device, the disappearance of LRSP modes would provide an efficient focusing method of the beam radius. We also expect that the stable nonreciprocity of SPP dispersion benefits development of a one-way optical waveguide 78 , as well as photonic crystals with magneto-optical coupling 79 . These possibilities would provide a way to developing various plasmonic devices exploiting the topological nature of WSMs. 
for |z| < a, where H 
(S11)
TheÛ (q, ω) are 4 × 4 matrices whose elements are as follows:
where the definitions of κ i (i = 1, 2) and κ ± are given in the main text, andκ
The dispersion is determined by the condition detÛ (q, ω) = 0. Note that the matrix elements ofÛ include the wavenumber q only via κ ± . Since κ ± is an even function of q, the resultant SPP dispersion has reciprocity, i.e., the relationship ω(−q) = ω(q). In the long-wavelength limit (q → 0), it can be checked that the linear dispersion, ω = cq/ √ i (i = 1, 2), is a solution of detÛ = 0, using κ ± √ ∞ ω P /c for ω → 0. In the short-wavelength limit (q → ∞), the SPP frequencies are shown to approach Ω i = ω P / 1 + i / ∞ , using κ κ 1 κ 2 |q| and e −κ±a 0.
In the limit of a → ∞,Û becomes block-diagonal, and the linear equation can be rewritten in the form,
whereÛ (1) andÛ (2) are 2 × 2 matrices independent of a. Then, the SPP modes in the WSMs are completely decoupled into two independent SPP modes localized at the two interfaces, each of which is characterized by the dielectric constant of either insulator. These indicial equations for a → ∞ coincide with the ones for the two-layer system S3 .
B. Faraday configuration
For the Faraday configuration, the matrix elements ofÛ (q, ω) are replaced with
where
, and ω P is the plasma frequency of the WSMs. In a similar way as the perpendicular configuration, we can show the following properties of the SPP dispersion: (a) the reciprocity ω(−q) = ω(q), (b) the dispersion ω = cq/ √ i in the long-wavelength limit (q → 0), (c) the frequencies Ω i = ω P / 1 + i / ∞ in the short-wavelength limit (q → ∞), and (d) the decoupled SPPs described by the linear equations, Eqs. (S28) and (S29), for a → ∞.
C. Voigt configuration
For the Voigt configuration, the TE and TM modes are not mixed by the axion field. The profile of the transverse magnetic field in the WSMs is given as
for |z| < a, where the constants, H 
The matrix elements ofV are
Nontrivial solutions of (S47) exist when the condition detV (q, ω) = 0 holds. This condition can be rewritten as
and determines the SPP dispersion ω = ω(q). For the Voigt configuration, the SPP dispersion has non-reciprocity, since the determination equation for the SPP dispersion is not invariant under reversal of the propagation direction (q → −q). The non-reciprocity for the SRSP mode can clearly be seen in the limit q → ±∞, for which κ κ 1 κ 2 |q| and e
−4κa
0. For 2 > 1 , the frequencies of SRSP are calculated from Eqs. (S52)-(S54) as follows:
We should note that the LRSP dispersion disappears in the high-frequency region because the condition κ 2 > 0 is not satisfied. These expressions indicate non-reciprocity, i.e., Ω 1 = Ω 2 when g = 0.
In the limit a → ∞, the matrixV becomes diagonal, and the two SPP modes are reduced to two independent SPP modes localized at the two interfaces. The dispersions of these two independent SPP modes are determined by V 11 = 0 and V 22 = 0, respectively.
VIII. FARADAY CONFIGURATION IN TWO-LAYER SYSTEM
Wave vector q In this section, we discuss the g-dependence of SPPs in the bilayer system for the Faraday configuration. 
The blue and green lines in Fig. S1 indicate the SPP dispersion for complex solutions (complex κ ± ) and real solutions (real κ ± ), respectively. Here, we set ∞ = 13 and 1 = 2 = 1. Figure S1 (a) shows that g = 4c −1 ω p only yields complex SPP modes, whose wavefunctions show oscillating decay in the stacking direction. With increasing g, the complex solutions change into the real ones around q = 0.75c −1 ω p as can be seen in Fig. S1 (b) . Around q = 0, the complex solutions disappear at g = 2 √ 1 2 c −1 ω p . We can conclude that SPP dispersion with both non-oscillating and oscillating decay modes emerge in the Faraday configuration. Figure S2 shows the real and imaginary part of κ − in the case of g = 4c −1 ω p for (a) the bilayer system and (b-c) the symmetric trilayer system, respectively. Here, the red and blue lines indicate Re[κ − ] and Im[κ − ]. Figure S2(a) shows that there exists the distorted point around q = 1.0c −1 ω p ∼ 1.5c −1 ω p , above which the variation of Re[κ − ] as a function of q significantly changes. By comparing to Figure S1 (a), we identify that this point corresponds to the most nearest area to the threshold of κ Figure S2 (a), we can conclude that the LRSP (SRSP) mode becomes unstable (stable), respectively, comparing to that of the bilayer system.
